Abstract. In this paper we study spaces of algebras over an operad (nonsymmetric) in symmetric monoidal model categories. We begin by extending a result of Rezk for simplicial sets and simplicial modules to a general framework. We then apply this result to the construction of moduli stacks of algebras over an operad in a homotopical algebraic geometry context in the sense of Toën and Vezzosi. We show that the stack of unital A-infinity algebras with underlying perfect complex concentrated in a fixed interval is a formal Zariski open subset of the corresponding stack of non-necessarily unital A-infinity algebras. The analogue for associative algebra structures on a finite-dimensional vector space was noticed by Gabriel.
Introduction
Let k be a commutative ring. An associative algebra structure on a free k-module F of rank n with basis {e 1 , . . . , e n } ⊂ F ∼ = k n is determined by the structure constants c k ij , 1 ≤ i, j, k ≤ n, such that e i · e j = n k=1 c k ij e k .
The associativity condition (e i · e j ) · e k = e i · (e j · e k ) is equivalent to the following identities of structure constants, Therefore, the moduli space of associative algebra structures on a free module of rank n is the affine subspace Spec R ⊂ A A unital associative algebra structure on F is given by an associative algebra structure together with a unit element
a i e i ∈ F satisfying the following equations, 1 ≤ k ≤ n, which are equivalent to 1 · e i = e i = e i · 1, 1 ≤ i ≤ n, (a 1 , . . . , a n )    Hence, the moduli space of unital associative algebra structures on a free module of rank n is the affine subspace Spec S ⊂ A Associative algebra structures are somewhat rigid. We are rather interested in them up to isomorphism. The algebraic group GL n ∼ = Aut k (F ) acts on Spec R. The orbits are the isomorphism classes of associative algebra structures. The isotropy group at a given point is the automorphism group of the corresponding associative algebra structure.
In order to obtain a meaningful quotient which remembers all this, we must move to the category of stacks. The quotient stack Ass n = Spec R/ GL n is the moduli space of associative algebras on rank n vector bundles. The same applies to Spec S, and the quotient uAss n = Spec S/ GL n is the moduli stack of unital associative algebras on rank n vector bundles. The morphism f : Spec S → Spec R induces a morphism between these stacks f : uAss n −→ Ass n which is again an open immersion [LMB00, 5] .
Up to equivalence, these stacks can be described as follows. The category Aff k of affine schemes over k is opposite to the category of commutative (associative and unital) k-algebras. We assume this category is endowed with a subcanonical Grothendieck topology. For any commutative k-algebra R, let Ass n (R) be the category of associative R-algebras whose underlying R-module is locally free of rank n. Denote i Ass n (R) the subcategory of isomorphisms. Change of coefficient functors give rise to a functor Aff op k −→ Groupoids, R → i Ass n (R), which is the functor of points of the stack Ass n . Similarly, if uAss n (R) is the subcategory of unital associative R-algebras whose underlying R-module is locally free of rank n, the functor of points of uAss n is Aff op k −→ Groupoids, R → i uAss n (R), and the morphism f : uAss n → Ass n is induced by the inclusion.
In this paper we aim at studying moduli spaces of (unital) associative differential graded (DG) algebras with a given underlying DG-module M , and the map induced by forgetting the unit. In the differential graded world, it is reasonable to replace Aff k with the opposite category of commutative differential graded kalgebras. Therefore we should work in a homotopical algebraic geometry context, in the sense of Toën and Vezzosi [TV08] .
For any commutative DG-algebra R, denote Ass M (R) the category of associative DG-algebras whose underlying DG-module is locally quasi-isomorphic to M ⊗ k R (locally with respect to a model topology on Aff k ). Let w Ass M (R) be the subcategory of quasi-isomorphisms (a.k.a. weak equivalences). We will show that the functor where uAss M (R) denotes the subcategory of unital associative DG-algebras. This functor will define the 1-geometric moduli stack uAss M of unital associative DGalgebras with underlying object M . Since Aff k is a stable model category in this context, all affine morphisms are flat, hence it would be reasonable to expect the morphism induced by the inclusion f : uAss M −→ Ass M to be a Zariski open immersion. We will prove that f is in fact a formal Zariski open immersion (see Corollary 5.14 for the specific statement in the appropriate context). The adjective 'formal' comes from the fact that f is not locally of finite presentation, unlike in the classical case. Actually, neither uAss M nor Ass M is locally finitely presented.
To prove these results, we will give an alternative construction of Ass M , uAss M , and f as a quotient of a formal Zariski open immersion between affine stacks of algebra structures by the action of the affine group stack RAut k (M ) of derived automorphisms of M .
In order to carry out this strategy we will have to overcome several difficulties of homotopical nature. The best way to study and compare different kinds of algebra structures is by means of operads. Moduli spaces of algebra structures over a given symmetric operad were considered by Rezk for simplicial sets and simplicial modules [Rez96] . These spaces are defined as mapping spaces in a simplicial model category of operads. His results were used by Toën and Vezzosi to show the existence of a moduli stack of algebras over an operad with a given underlying simplicial module in the context of derived algebraic geometry [TV08, 2.2.6.2].
Symmetric operads on a given symmetric monoidal model category V need not form a model category with weak equivalences defined as in V [Hin97, Hin03, BM03] , and if so, the model structure need not be simplicial, which would be necessary to adapt Rezk's arguments.
Since we are interested in associative algebras, we may choose to work with nonsymmetric operads, which do have a transferred model structure Op(V ) [Mur11a, Theorem 1.1] whenever V satisfies the two usual compatibility axioms between the monoidal and the model structures: the push-out product axiom and the monoid axiom [SS00] , and some extra smallness assumptions (see this introduction's last paragraph).
The problem of Op(V ) not being simplicial remains, and we devote most of this paper to develop techniques which avoid the use of a simplicial structure. Instead, we directly work with simplicial resolutions in the sense of Dwyer and Kan [DK80] to construct mapping spaces. For the computation of homotopy types of mapping spaces in Op(V ) we need general conditions under which change of base operad functors induce Quillen equivalences between categories of algebras. Such conditions are studied in [Mur11a] , but the criteria therein are not general enough for our intended geometric applications. If we want to place our problem in an honest homotopical algebraic geometry context, unless k is a Q-algebra we must move from differential graded algebra to stable homotopy. More precisely, we must replace DG-modules over k with modules over the Eilenberg-MacLane ring spectrum Hk. The symmetric monoidal model category of Hk-modules is Quillen equivalent to that of DG-modules over k, and the former is better behaved than the later, except from the fact that Hk is not cofibrant as an Hk-module. This is why we need to prove [Mur11a, Theorem 1.3] under weaker assumptions (Theorem 3.11).
The fact that f : uAss M → Ass M is a formal Zariski open immersion (Corollary 5.14) will be obtained as a consequence of [Mur11b] .
Our techniques are general enough to define moduli stacks of algebras over any non-symmetric operad. Even to consider saces of algebras living in a different (not necessarily symmetric) monoidal model category C appropriately enriched over V (i.e. a V -algebra) satisfying the non-symmetric analogues of the two previous compatibility axioms [Mur11a] . This allows to extend some of the aforementioned results to DG-categories.
The paper is structured as follows. Section 1 is a reminder on operads and their algebras, we introduce some constructions and notation that will be used throughout the paper. Section 2 deals with endomorphism operads. They are not functorial in the argument but satisfy some homotopy invariance properties. In Section 3 we prove a new version of [Mur11a, Theorem 1.3] under weaker hypotheses. This theorem studies when a weak equivalence of operads induces a Quillen equivalence between their model categories of algebras. In Section 4 we compute the homotopy fiber of the functor which sends an algebra over an operad to the underlying object. Finally, we present geometric constructions in Section 5.
We assume the reader familiarity with abstract homotopy theory. All we need in this paper is covered by standard references, such as [Hov99, Hir03] . When we talk about spaces we always mean simplicial set. We endow the category of bisimplicial sets with the Moerdijk model structure, where fibrations and weak equivalences are detected by the diagonal. Any bisimplicial set will be regarded as a simplicial set through the diagonal functor, and any object in a given category will be regarded as a constant simplicial object when needed. See [GJ99] for simplicial homotopy theory. For the last section, the reader should also be familiar with homotopical algebraic geometry [TV05, TV08] .
When taking nerves of 'big' categories, i.e. categories with a 'class' of objects, we assume with no explicit mention that we are working with universes so that everything makes sense from a set-theoretical point of view in a larger universe.
The tensor product in monoidal categories is denoted by ⊗ and its unit object by I. If we need to emphasize the category we are talking about we will add it as a subscript, e.g. ⊗ V and I V . Internal morphism objects in V will always be denoted by Hom V .
Extra homotopical standing assumptions on V and C will be the following: these model categories are cofibrantly generated and they have sets of generating cofibrations and generating trivial cofibrations with presentable sources. These conditions are fulfilled if V and C are combinatorial.
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Operads and algebras
This section contains some background about operads and their algebras. Definition 1.1. A (non-symmetric) operad O in V is a sequence of objects O(n), n ≥ 0, together with composition laws
and a unit morphism u : I V → O(1) satisfying some relations. For instance, if V is the category of modules over a commutative ring, the relations are:
These equations can be translated into commutative diagrams which describe the relations for arbitrary V , see [Mur11a, Remark 2.6 ]. An operad morphism φ : O → P is a sequence of morphisms φ(n) : O(n) → P(n) in V , n ≥ 0, compatible with the composition laws, e.g. in the category of modules over a commutative ring,
Let V N be the product of countably many copies of V , indexed by the nonnegative integers, with model structure defined coordinatewise. The forgetful functor
has a left adjoint, the free operad functor
This adjoint pair is a Quillen pair. Actually, this is how we define the model structure on Op(V ) [Mur11a] . The V -algebra structure on C is given by a strong braided monoidal functor V → Z(C ), where Z(C ) is the center of C [JS91] . Such a functor consists of an ordinary functor z : V → C , preserving (trivial) cofibrations, together with natural isomorphisms, These morphism objects in V define a tensored V -enrichment of C over V , see [JK02, Appendix] . Furthermore, since z is a functor to the center, this enrichment can be enhanced to a monoidal V -category structure on C . For this, given two objects Y and Y ′ in C , we define the evaluation morphism
as the adjoint of the identity in Hom C (Y, Y ′ ), and given two other objects X and X ′ in C we definine the morphism in V
as the adjoint of
An O-algebra A in C is an object of C equipped with structure morphisms
satisfying some compatibility relations with the composition laws and the unit of O.
If V = C is the category of modules over a commutative ring, z is the identity functor, and we denote ν n (a ⊗ c 1 ⊗ · · · ⊗ c n ) = a(c 1 , . . . , c n ), then the relations are:
These relations can be translated into commutative diagrams describing the relations for arbitrary C , see [Mur11a, Definition 7 .1].
An O-algebra morphism f : A → B is a morphism in C compatible with the structure morphisms. In the module case the compatibility condition is
In the general case, the obvious squares must commute, see again [Mur11a, Definition 7.1].
Given O in Op(V ), the forgetful functor
has a left adjoint, the free O-algebra functor
This adjoint pair is a Quillen pair. Actually, this is how we define the model structure on Alg C (O) [Mur11a, §8] .
Algebras over an operad can be alternatively described by means of the endomorphism operad. Proof. The adjoint of the morphism φ(n) :
In the last section, when identifying the tangent complex of the moduli stack of algebras over an operad, we will need the notion of module over an algebra over an operad that we now recall. Definition 1.5. Let O be an operad in V and A an O-algebra in C . An A-module is an object M in C together with morphisms
satisfying certain associativity laws. If C has a zero object these laws can be encoded as follows: the coproduct A M in C has an O-algebra structure, called semidirect product and denoted by A ⋉ M ,
given by the structure morphisms of the O-algebra
, 1 ≤ i ≤ n, and the zero morphism on the rest of factors. The semidirect product A⋉M is also called square zero extension of A by M .
Morphisms of A-modules are morphisms in C compatible with the ν n,i 's.
Remark 1.6. If O is the operad Ass, whose algebras are monoids in C , then an A-module is the same as a bimodule in the usual sense. For any O, the O-algebra A is itself an A-module with ν n,i = ν n for all 1
Algebra morphisms can also be described by means of endomorphism operads in diagram categories.
Given a small category I, the category of I-shaped diagrams C I is the category of functors I → C and natural transformations between them. It is complete and cocomplete, and inherits from C a biclosed monoidal structure. The tensor product of two diagrams Y,
This category comes also equipped with a functor from V to its center,
The right adjoint of
The next result follows readily from the previous lemma and the universal property of an end. Any functor F : J → I between small categories induces by precomposition a strong monoidal V -functor F * :
are defined by the universal property of an end. In particular F gives rise to morphisms between endomorphism operads F * :
. Denote ∆ the simplex category, whose objects are the finite ordinals n = {0 < · · · < n}, n ≥ 0, and morphisms are non-decreasing maps. These ordinals are regarded as categories with morphisms going upwards i → j, i ≤ j. The category ∆ is generated by the coface and codegeneracy maps,
subject to the duals of the usual simplicial relations.
A morphism in C is the same as a functor 1 → C . Applying the previous corollary to I = 1, we deduce the following characterization of O-algebra morphisms.
In this corollary, the morphism φ f is unique provided it exists since, by definition of end, we have pull-back diagrams as follows, n ≥ 0,
Homotopy invariance of endomorphism operads
We here establish the homotopy invariance properties in Op(V ) of endomorphism operads of objects in C . This is a standard way to transfer algebra structures along weak equivalences in C , compare [BM03, Theorem 3.5], and it will have further applications in Section 4.
Recall that an operad morphism f : O → P is a weak equivalence (resp. fibration) in Op(V ) if all morphisms f (n) : O(n) → P(n) are weak equivalences (resp. fibrations) in V , n ≥ 0. Moreover, for any operad O in V , an O-algebra morphism f : X → Y is a weak equivalence (resp. fibration) in Alg C (O) if the underlying morphism in C is a weak equivalence (resp. fibration), see [Mur11a, Theorems 1.1 and 1.2].
Recall from [Mur11a, §4] that the category Mor(C ) of morphisms in C carries a biclosed monoidal structure given by the ⊙ product of morphisms f ⊙ g,
Definition 2.1. The push-out product axiom says that if f and g are cofibrations then so is f ⊙ g, and if either f or g is in fact a trivial cofibration then so is f ⊙ g. The monoid axiom says that K ′ -cell complexes are weak equivalences, where K ′ is the following class of morphisms,
By the push-out product axiom, if Y is a cofibrant object in C , the functor z(−) ⊗ Y is a left Quillen functor, therefore Hom C (Y, −) is a right Quillen functor, so it preserves fibrations, trivial fibrations, and fibrant objects, as well as weak equivalences between fibrant objects by Ken Brown's lemma. We now prove a similar property for the Hom C functor in the first variable.
Lemma 2.2. If f : X → Y is a cofibration (resp. trivial cofibration) and Z is a fibrant object in C , then the induced morphism
is a fibration (resp. trivial fibration).
Proof. Consider a commutative square of solid arrows in V
where g is a trivial cofibration (resp. cofibration). We must construct a diagonal morphism l such that the two triangles above commute. The solid diagram (2.3) is the same as a commutative square in C
whereh andk are the adjoints of h and k, respectively. We will consider the induced morphism from the push-out of the left upper corner to Z,
Since z is a left Quillen functor, z(g) is a trivial cofibration (resp. cofibration), hence the morphism z(g) ⊙ f : W → z(V ) ⊗ Y is a trivial cofibration by the pushout product axiom. Since Z is fibrant, there exists a morphisml :
We can take l : V → Hom C (Y, Z) to be the adjoint ofl.
The following result is a consequence of the previous lemma and Ken Brown's lemma.
Corollary 2.4. For any fibrant object Z in C , the functor Hom C (−, Z) : C op → V takes weak equivalences between cofibrant objects in C to weak equivalences in V .
An immediate consequence of the following proposition is that the endomorphism operad of a fibrant-cofibrant object in C is an invariant of its weak homotopy type.
Proposition 2.5. Let f : X → Y be a morphism in C . Consider the induced morphisms between endomorphism operads in Op(V ),
(1) If f is a (trivial) fibration and X is cofibrant then so is d 0 .
(2) If f is a trivial fibration between fibrant-cofibrant objects then d 1 is a weak equivalence. Proof. Consider the pull-back diagram (1.9). By the push-out product axiom, the tensor powers X ⊗n are cofibrant in the four cases. Hence, under the assumptions of (1) and (2), Hom C (X ⊗n , f ) is a (trivial) fibration. Now (1) follows from the fact that (trivial) fibrations are closed under pull-backs.
Under the hypotheses of (2), the push-out product axiom and Ken Brown's lemma show that the tensor powers f ⊗n are weak equivalences between cofibrant objects hence Hom C (f ⊗n , Y ) is a weak equivalence between fibrant objects by Lemma 2.2 and Corollary 2.4. Therefore (2) follows, since the pull-back of a weak equivalence between fibrant objects along a fibration is a weak equivalence. Under the assumptions of (3) and (4), the tensor powers f ⊗n are (trivial) cofibrations between cofibrant objects by the push-out product axiom. Hence, Hom C (f ⊗n , Y ) is a (trivial) fibration between fibrant objects by Lemma 2.2. Notice that (3) follows from the same reason as (1). Moreover, by Ken Brown's lemma Hom C (X ⊗n , f ) is a weak equivalence between fibrant objects, hence (4) follows from the same reason as (2).
The following corollary of Proposition 2.5 will be very useful in our study of moduli spaces of algebras.
Corollary 2.6. Let f i : X i → X i+1 be trivial fibrations between fibrant-cofibrant objects in C , 0 ≤ i ≤ n. The induced morphisms between endomorphism operads in Op(V ),
are a weak equivalence and a trivial fibration, respectively.
Proof. By induction on n. The case n = 0 follows directly from Proposition 2.5. Assume n > 0. Consider the following pull back diagram,
The morphism d n 0 is a trivial fibration by induction hypothesis. We showed within the proof of Proposition 2.5 that, under the hypotheses of this corollary, the morphisms Hom C (X ⊗m n , f n ) and Hom C (f ⊗m n , X n+1 ) are a trivial fibration and a weak equivalence between fibrant objects, respectively. Hence, this result follows from the facts that trivial fibrations are closed under composition and pull-backs and weak equivalences between fibrant objects are closed under pull-backs along fibrations.
Quillen equivalences between categories of algebras
A morphism of operads φ : O → P in Op(V ) induces a Quillen pair of change of operad functors,
The functor φ * restricts the action of P to O along φ and is the identity on underlying objects in C , hence it preserves fibrations and weak equivalences. The functor φ * is left adjoint to φ * . We are interested in conditions on φ under which this pair is a Quillen equivalence. A reasonable condition is that φ be a weak equivalence in Op(V ), but often this is not enough. In [Mur11a] we gave some sufficient conditions, but our assumptions were not general enough for applications in homotopical algebraic geometry, where monoidal model categories with non-cofibrant unit arise.
The issue is that, if O is a cofibrant operad in Op(V ) then O(n) is cofibrant if n = 1, and for n = 1 the unit u : I → O(1) is a cofibration, see Corollary 3.13 below. In particular, if I is cofibrant then so is O(1), but otherwise O(1) need not be cofibrant, which is a hypothesis in [Mur11a, Theorem 1.3].
In homotopical algebraic geometry one needs the category of commutative monoids in V to be a model category with fibrations and weak equivalences defined as in V . If V is the category of chain complexes over a commutative ring k then the most common sufficient condition in order to guarantee this is that k be a Q-algebra. This is a very strong condition that we do not want to assume. The standard way to overcome this difficulty is to replace V with the Quillen equivalent category of modules over the Eilenberg-MacLane symmetric ring spectrum associated to k with Shipley's positive stable model structure [Shi04] . The monoidal unit is unfortunately not cofibrant in this category. There are actually obstructions for the existence of a model of V with all these good properties, compare [Lew91] .
We will see in the main result of this section that weak equivalences between operads satisfying the following property induce a Quillen equivalence (3.1). This generalizes [Mur11a, Theorem 1.3]. In order to obtain the desired generalization we need the following variant of Ken Brown's lemma. 
Proof. Apply Ken Brown's lemma to the composite
where X ↓ M is the category of objects under X and the first functor is the functor which forgets the morphism from X. The model structure on X ↓ M is reflected by this forgetful functor.
The following lemma is the key observation.
Lemma 3.4. If g : X Y is a (trivial) cofibration and V is an object in C which admits a cofibration from the monoidal unit f :
Proof. Consider the diagramatic construction of f ⊙ g where, for simplicity, we identify I ⊗ − with the identity functor,
Hereḡ is a (trivial) cofibration because it is the push-out of a (trivial) cofibration along a map, and f ⊙ g is a (trivial) cofibration by the push-out product axiom, therefore V ⊗ g = (f ⊙ g)ḡ is a (trivial) cofibration. One similarly checks that g ⊗ V is also a (trivial) cofibration.
Given morphisms f i :
, is the colimit of a diagram indexed by the category with objects (i, j), n ≥ i ≥ j ≥ 1, whose only non-identity morphisms are (i, i) ← (i, j) → (j, j), n ≥ i > j ≥ 1. Notice that two non-identity morphisms can never be composed. The objects of this diagram are 
Then in the following diagram the rows are also cofibrations and the columns are also weak equivalences,
Proof. The rows are cofibrations by the push-out product axiom. The right vertical arrow decomposes as
Therefore it is a weak equivalence by the gluing property for weak equivalences in left proper model categories.
Proposition 3.6. Let O be a weakly cofibrant operad in V . Consider a push-out diagram in Alg C (O) as follows.
Suppose that A is cofibrant in C and f is a cofibration. Then the morphism f ′ : A → B is a cofibration in C , in particular B is cofibrant in C .
Proof. Since z is a left Quillen functor, the objects z(O(n)) are cofibrant in C for n = 1, and z(O(1)) admits a cofibration from the tensor unit. Therefore, by the push-out product axiom and Lemma 3.4, the morphism [Mur11a, (15)] is a cofibration in C . Furthermore, by [Mur11a, Theorem 8.3 ] the morphism f ′ : A → B is a transfinite composition of cofibrations in C , hence a cofibration in C itself.
Lemma 3.7. Suppose that O is a weakly cofibrant operad in V . Then any cofibrant O-algebra in C is also a cofibrant object in C .
The proof of this lemma is the same as the proof of [Mur11a, Lemma 9.4], but applying Proposition 3.6 instead of [Mur11a, Proposition 9.2 (2)]. Lemma 3.9. Suppose C is left proper, φ : O ∼ → P is a weak equivalence between weakly cofibrant operads in V , and we have a push-out diagram in Alg C (O),
where f is a cofibration in C and A is a cofibrant O-algebra. If the unit η of the adjunction (3.1) evaluated at A is a weak equivalence η A : A ∼ → φ * φ * A, then it is also a weak equivalence when evaluated at B, η B :
The proof of this lemma is the same as the proof of [Mur11a, Lemma 9.6] with the following modifications: A and φ * A are cofibrant in C by Lemma 3.7, the push-out product axiom must be applied together with Lemma 3.4, and [Mur11a, Lemma 4.4] must be replaced with Lemma 3.5. The following theorem is the main result of this section.
Theorem 3.11. If C is left proper then (3.1) is a Quillen equivalence. In particular the derived adjoint pair is an equivalence between the homotopy categories of algebras,
The proof of this result is the same as the proof of [Mur11a, Theorem 1.3] applying Proposition 3.6 instead of [Mur11a, Proposition 9.2 (2)].
The following two results show that there are enough weakly cofibrant operads in Op(V ).
Lemma 3.12. If φ : P O is a cofibration in Op(V ) with weakly cofibrant source, then φ(n) : P(n) O(n) is a cofibration in V for all n ≥ 0. In particular O is also weakly cofibrant.
Proof. Denote I a set of generating cofibrations with presentable sources in V . Recall from [Mur11a] that the forgetful functors V N → V : {U n } n≥0 → U i have left adjoints s i : V → V N , i ≥ 0, and I N = ∪ i≥0 s i (I) is a set of generating cofibrations in V N . Moreover, F (I N ) is a set of generating cofibrations in Op(V ). We can therefore suppose that φ is a relative F (I N )-cell complex. In this case, the description of pushouts along free morphisms in Op(V ) [Mur11a, Theorem 5.4], the push-out product axiom, and Lemma 3.4, show that φ(n) is a relative cV -cell complex, where cV ⊂ V is the subcategory of cofibrations, and hence a cofibration in V . This follows from the fact that the initial operad P is given by P(n) = 0 the initial object for n = 1, and the unit u : I V → P(1) is the identity, so it is weakly cofibrant.
Mapping spaces
If O • is a cosimplicial operad then the change of base operad functors like φ * in (3.1) give rise to a simplicial category Alg C (O • ). Recall from [DK80, §4.3] the notion of cosimplicial resolution. If W is a category with weak equivalences, we denote wW the subcategory of weak equivalences. From now on, we assume further that C is left proper.
Lemma 4.1. If O
• is a cosimplicial resolution of a weakly cofibrant operad O in V , then there is a weak equivalence
Proof. By Theorem 3.11 all faces and degeneracies in Alg C (O • ) are right adjoints of a Quillen equivalence, therefore all faces and degeneracies in w Alg C (O • ) induce weak equivalences on nerves. This implies that the iterated degeneracies induce a weak equivalence
For the same reason the weak equivalence O 0 ∼ → O induces a weak equivalence on nerves,
Denote f wC f c the category of fibrant-confibrant objects in C and trivial fibrations between them. Under the assumptions of the previous lemma, define the simplicial category D • as the following pull-back,
Here we regard the two categories in the bottom as constant simplicial categories, and ρ • is the forgetful simplicial functor. Notice that D n is the category of trivial fibrations between O n -algebras whose underlying objects in C are fibrant and cofibrant. 
Moreover, given a cosimplicial resolution O
• in Op(V ), the upper row in (4.2) induces a weak equivalence,
Proof. The first part of the statement follows from [Rez96, Lemmas 4.2.4 and 4.2.5]. Moreover, by the same results the inclusion
hence the second map in the statement is also a weak equivalence.
Recall that the category of simplicies ∆K of a simplicial set K is the category whose objects are pairs (n, x) with n ≥ 0 and x ∈ K n . A morphism σ : (n, x) → (m, y) in ∆K is a morphism σ : n → m in ∆ such that the induced map σ * : K m → K n takes y to x, σ * (y) = x. This category comes equipped with a natural projection functor p K : ∆K → ∆ : (n, x) → n. This construction defines a functor from the category of simplicial sets to the category of categories over ∆,
Proof. We will use an alternative construction of the bisimplicial set |ρ ′ • ↓ Y | in terms of endomorphism operads. Clearly,
Notice that the set indexing this coproduct is |(f wC f c ) ↓ Y | s . In order to describe |ρ ′ • ↓ Y | in terms of the right hand side of (4.5), we consider the functor
Notice that X 0 → · · · → X n is a functor X : n → C . Given a morphism σ : (n, X) → (m, X ′ ) in the category of simplices, with the notation introduced in Section 1, the induced morphism E(σ) is σ * :
We also consider the functor
and the composite functor
Taking the left Kan extension [Mac98, X.3] of this functor along the opposite of the canonical proyection from the category of simplices to ∆, we obtain a bisimplicial set
One can easily check that the (s, t) set of this bisimplicial set is the right hand side of (4.5). Moreover, this defines an isomorphism between this bisimplicial set and |ρ
We need two more functors
and two natural transformations,
For simplicity, denote K = |(f wC f c ) ↓ Y |. We claim that the following morphisms of bisimplicial sets are weak equivalences,
It is enough to notice that, at the (n, •) simplicial set, we have the coproduct indexed by |(f wC f c ) ↓ Y | n of the morphisms of simplicial sets obtained by applying Op(V )(O • , −) to the weak equivalences of operads in Corollary 2.6, n ≥ 0, In order to complete the definition of the weak equivalence claimed in the statement we notice that
The category (f wC f c ) ↓ Y has a final object, the identity in Y , hence it has a contractible nerve and the projection onto the second factor of the product gives rise to a weak equivalence
We can now proceed with the main theorem of this section. 
Geometric applications
In this section we place ourselves in a homotopical algebraic geometry (HAG) context [TV08, 1.3.2.13] with underlying symmetric monoidal model category V . In particular V is combinatorial, proper and pointed, and the category Comm(V ) of commutative algebras (i.e. monoids) A in V and their module categories Mod(A) inherit combinatorial proper model category structures with fibrations and weak equivalences defined by the underlying morphisms in V . Actually Mod(A) inherits all the structure from V , and is itself the underlying symmetric monoidal model category of a new induced HAG context. Hovey's unit axiom must hold, i.e. tensoring a cofibrant replacement of I with a cofibrant object yields a weak equivalence, see [Hov99, Definition 4.2.6 (2) and Lemma 4.2]. Notice that since V is combinatorial, it is λ-presentable for a certain regular cardinal λ.
The category Aff V of affine stacks is opposite to Comm(V ). A simplicial presheaf is a (contravariant) functor from affine stacks to simplicial sets,
i.e. a (covariant) functor from Comm(V ). The category SPr(Aff V ) of simplicial presheaves carries a model structure where weak equivalences (resp. fibrations) are pointwise weak equivalences (resp. fibrations) of simplicial sets.
The simplicial presheaf represented by a commutative algebra A is Geometric stacks are defined from a certain class of morphisms P in Aff V , which is also part of the HAG context. Intuitively, quoting Toën and Vezzosi, geometric stacks are quotients of representable stacks by equivalence relations whose structural morphisms are in P. The infinitesimal theory is controlled by full subcategories V 0 ⊂ V and A ⊂ Comm(V ) playing the role of the aisle of a t-structure in a tensor triangulated category and rings in the heart of the t-structure, respectively. (1) V = V 0 the category of complexes over a Q-algebra k (we use homological grading, i.e. degree −1 differentials) where weak equivalences are quasi-isomorphisms and fibrations are levelwise surjective morphisms, A = Comm(V ) the whole category of differential graded commutative (DGC) k-algebras, P the formally perfect morphisms, i.e. morphisms of DGC k-algebras A → B whose cotangent complex L B/A is perfect, and τ the stronglyétale topology, whose coverings are sets of morphisms {A → A i } i∈I of DGC k-algebras such that, for all i ∈ I, H 0 (A) → H 0 (A i ) is anétale k-algebra homomorphism, the morphism
is an isomorphism of graded H 0 (A i )-algebras, and there exists a finite subset J ⊂ I such that the left derived change of coefficient functors
reflect isomorphisms. (2) V and τ as above, V 0 the category of complexes M with H n M = 0 for all n < 0, A the category of commutative DG k-algebras with homology concentrated in degree 0, which is essentially the same as the category of commutative k-algebras regarded as complexes concentrated in degree 0, and P the formally perfect and formally infinitesimally smooth morphisms. A morphism of DGC k-algebras A → B satisfies this second condition when for any DGC k-algebra morphism f : B → R with R in A and any morphism g : L R/A → M in Ho Mod(R) such that the homology of M is concentrated in positive degrees, the following composite vanishes in Ho Mod(B),
(3) V the category of modules over the Eilenberg-MacLane spectrum Hk of an arbitrary commutative ring k with the positive model structure of [Shi04] , V 0 the subcategory of connective Hk-modules M , i.e. π n M = 0 for all n < 0, A the category of commutative Hk-algebras with homotopy concentrated in degree 0, which is essentially the same as the category of Eilenberg-MacLane spectra of commutative k-algebras, and τ and P as in the previous example. Obviously, we must replace homology groups with homotopy groups in order to obtain the correct definitions in this context.
These three contexts are not general enough, they have special features, e.g. V is stable. We refer the reader to [TV08] for different kinds of examples. Moreover, (3) extends (2) through the Eilenberg-MacLane functor. The problem with (2) is that it does not work over arbitrary rings, because the category DGC algebras does not admit a transferred model structure, so we must unavoidably pass to the category of spectra, although we may think heuristically of complexes. We are really interested in the last HAG context, we just give the first one as an example of HAG context such that P contains all formally perfect morphisms. Moreover, (2) and (3) satisfy Artin's conditions, unlike (1), so geometric stacks have a nice infinitesimal theory.
Let r X : X ∼ RX and q X : QX ∼ ։ X be fibrant and cofibrant replacement functors in V , respectively.
The
). For the sake of simplicity, let us assume that Y is fibrant and cofibrant. An object Y is perfect if the composition of the two vertical morphisms in the following diagram is a weak equivalence in V ,
In this case, this zig-
V . An example of perfect object is the free object of rank n,
i.e. the derived coproduct of n copies of the monoidal unit (n is finite). An object is projective if it is a homotopy retract of such a free object. Projective objects are also perfect. In order QCoh, Perf, Perf [a,b] and Perf Y to be strictly functorial we should replace Mod(A) with the equivalent category of quasi-coherent A-modules introduced in [TV08, §1.3.7] , but for the sake of simplicity we will keep the current notation. We will do the same whenever this problem arises.
Proposition 5.3. The stack Perf is categorically locally λ-presentable (i.e. as a simplicial presheaf it takes λ-filtered homotopy colimits in Comm(V ) to λ-filtered homotopy colimits of simplicial sets) and has an affine diagonal. Moreover, if P contains all formally perfect morphisms (or just perfect if λ = ℵ 0 and I is ℵ 0 -presentable) then Perf is 1-geometric. The same holds for Perf [a,b] and Perf Y , which is the classifying stack of the affine group stack RAut V (Y ). This follows from the fact that, under the hypotheses of this proposition, Perf Y is the stack of vector bundles of fixed rank which is studied in detail in the last part of [TV08, §1.3.7] .
We can weaken the hypothesis on P if we strengthen the hypotheses on our homotopical algebra context. Let us now turn to our results on moduli spaces of algebras over operads, for which we need the previous results on perfect objects.
Let O be a weakly cofibrant operad in V . The category Mod(A) of modules over a commutative algebra A in V will play the role of C in previous sections via the Proof. By Theorem 3.11 and Corollary 3.13, we can suppose without loss of generality that O is cofibrant, and moreover an F (I N )-cell complex in the sense of the proof of Lemma 3.12. Hence this theorem is a consequence of the following two lemmas.
The cofibrancy condition on the sources of generating cofibrations added to V in the statement of Theorem 5.6 makes V a tractable model category in the sense of [Bar10] . We do not know a single example of a left proper combinatorial model category that is not tractable, therefore the extra hipothesis on V does not seem to be restrictive.
The following lemma is a special case of Theorem 5.6. It can be applied to the initial operad, which is free on the initial object. Proof. The morphism g is classified by a locally perfect A-module M , that we can suppose to be fibrant and cofibrant.
Suppose
for any commutative A-algebra B, i.e. this is a stack in the induced HAG context over Mod(A). This stack is represented by the free commutative A-algebra C generated by
where M ∨ denotes the dual of M in Mod(A). Notice that, by adjunction, Map Op(V ) (F (U ), End Mod(A) (M ))(B) is weakly equivalent to
where M ⊗ A B denotes a fibrant replacement of M ⊗ A B in the category of Bmodules, but we cannot define the stack Map Op(V ) (F (U ), End Mod(A) (M )) in this way since K is not functorial in B.
Consider the morphism
represented by the vertex in Alg Perf (F (U ))(C) ⊂ |w Alg Mod(C) (F (U )) c | determined by the fibrant-cofibrant C-module M ⊗ A C with the F (U )-algebra structure defined as follows. Let r X : X ∼ RX and q X : QX ∼ ։ X be now fibrant and cofibrant replacement functors in Mod(A), respectively. We look at the zig-zag in Mod(A)
Here, the morphism 'inclusion' is the restriction of the unit of the free A-algebra adjunction. We choose a morphism
representing this zig-zag in Ho Mod(A). If we apply the lifting axiom to the following commutative square in Mod(C),
where 0 denotes the zero C-module, we obtain a morphism
These morphisms ν n define the desired F (U )-algebra structure on M ⊗ A C. Denote l : A → C the unit of C. The following diagram of stacks
Perf h defined by the edge (i.e. 1-simplex) in Perf(C) ⊂ |wMod(C) c | given by the trivial cofibration M ⊗ A C ∼ M ⊗ A C. In order to finish the proof, it is enough to notice that (5.8) is a homotopy pullback. This follows from the fact that for any A-algebra B, diagram (5.8) induces a weak equivalence between the homotopy fiber of l * (B) at A → B and the homotopy fiber of f
Indeed, the homotopy fiber of l * (B) at A → B is weakly equivalent to K since C represents the stack of F (U )-algebra structures on M , and the homotopy fiber of f
Perf (B) at M ⊗ A B is weakly equivalent to K by Theorem 4.6. It is a tedious but straightforward task to check that the map induced by (5.8) between these homotopy fibers can be identified with the identity in K through these weak equivalences, hence we are done.
The next lemma allows the proof of Theorem 5.6 by induction.
Lemma 5.9. The homotopy pull-back of f − Perf : Alg Perf (−) → Perf along any morphism RSpec(A) → Perf takes homotopy colimits of weakly cofibrant operads to homotopy limits of stacks. In particular, it takes homotopy push-outs of weakly cofibrant operads to homotopy pull-backs of stacks.
Proof. Mapping spaces are known to take homotopy colimits in the first variable to homotopy limits of simplicial sets. This fact and Theorem 4.6 prove the claim.
Corollary 5.10. The functor Alg Perf (−) takes homotopy colimits of weakly cofibrant operads to homotopy limits of stacks. In particular, it takes homotopy pushouts of weakly cofibrant operads to homotopy pull-backs of stacks. This name is justified by Theorem 4.6, and it is compatible with the terminology in the proof of Lemma 5.7.
Let Y be a perfect object in V . Since * → Perf Y is an atlas, the canonical map
is also an atlas, and we can regard Alg Let Ass and uAss be the operads for associative and unital associative algebras in V , respectively. These operads are given by Ass(0) = 0 the zero object, uAss(0) = I, Ass(n) = uAss(n) = I, n > 0, and all composition laws are the obvious morphisms (either trivial or isomorphisms). The unique morphism ψ : Ass → uAss is a model for the map forgetting the unit from unital associative algebras to associative algebras. Letψ : A ∞ → uA ∞ be a cofibrant replacement of ψ in Op(V ).
Proposition 5.13. In the HAG contexts of Example 5.1 (2) and (3), given a commutative algebra A in V and a locally perfect A-module M the morphism of affine stacks Proof. Example 5.1 (2) is extended by (3), so it is enough to consider this second context. Sinceψ * is a morphism between representable stacks over RSpec(A), we can take a morphism of commutative A-algebras, * induces an injection on sets of connected components and isomorphisms in all higher homotopy groups, hence so doesψ * .
The following result is a consequence of [TV08, Proposition 1.3.6.3 (2)].
Corollary 5.14. In the HAG contexts of Example 5.1 (2) and (3), the morphism + (−1) n+1 ϕ(a 1 , . . . , a n )a n+1 .
The Hochschild complex, whose homology (up to passing to cohomological grading and shifting by 1) is the Hochschild cohomology HH * (A, M ) of A with coefficients in M , is defined in the same way but adding an extra direct summand for n = 0 to (5.16). In particular we get a long exact sequence,
The aforementioned Quillen equivalence identifies, up to quasi-isomorphism, the DG k-modules RDer There is also a cobar construction for A ∞ -algebras producing a DG-coalgebra [LH03, Définition 1.2.2.3]. This construction can be applied to the computation of these DG-modules of derivations, with the only difference that the Hochschild differential becomes more complicated [LH03, §B.4].
If instead of a DG or A ∞ k-algebra we had taken an A ∞ -algebra over an Hkalgebra, then we should replace the Hochschild complex by the topological Hochschild cohomology spectrum, compare [Laz01] .
